INTRODUCTION
The binary operations with fuzzy numbers were introduced by using the Zadeh's extension principle (see [12, 13] and [19] ). In order to simplify the computation of these operations, the use of the level sets is more appropriate generating the LU-representation (see [11, 16, 36, 3] ). The interest for operations with fuzzy numbers is motivated by their applications in decision making (see [5] and [40] ) and there are several ways to define the sum and the product of two fuzzy numbers. It is well-known that any binary operation with fuzzy numbers can be obtained by applying the Zadeh's extension principle which for fuzzy numbers described in LU-representation keeps the expression presented in [3] . Another approach in constructing binary operations with fuzzy numbers is based on the use of T-norms (see [20] and [38] ) having applications in Possibility Theory. Algebraic properties of operations with interactive fuzzy numbers are presented in [6] and [7] . Arithmetic operations for fuzzy numbers with shape preserving properties are introduced in [18] . As told Markov in [27] and [28] there is no distributivity in the context of interval arithmetic excepting very special cases, that has consequences for fuzzy number arithmetic relating the distributivity properties. A special kind of multiplication of two fuzzy numbers with the support not containing zero is the cross-product introduced in [2] and investigated in [4] for its trapezoidal approximation with applications in Geology.
Generally, the addition and the multiplication determine a structure of commutative monoid with cancellation and identity laws on the set of fuzzy numbers. But, the distributivity law holds only in some particular cases. For instance, we can state that DOI: 10.14736/kyb-2019-1-0044 (A + B) · C = A · C + B · C, only if A and B are both positive or both negative, which is true for the existing variants of fuzzy multiplication (see [22, 25, 30, 31] for the classical fuzzy product, [2, 4] for the fuzzy cross-product, and [8] and [35] for the fuzzy product using the end-points of the level sets in the case of continuous fuzzy numbers with positive support). Even for the simplest case of triangular and trapezoidal fuzzy numbers (see [23] and [39] ), the distributivity laws are valid as strong equalities only under restrictions. As it is well-known, the distributivity laws are valid as additive equivalences (see [25] ).
Concerning the validity of the distributivity laws as strong equalities, there is only one exception offered by the operations proposed in [21] . These operations are defined by using another representation of fuzzy numbers, those described by the middle of the core and by the left and right spread of each level set. In this context, the arithmetic type operations are involved for operating with the middle of the core, while for the left spread and right spread the latticeal operation ∨ is used. The product and the substraction are defined everywhere, the distributivity laws hold without restriction, but since the operation ∨ preserves only the greatest spread of the involved operands, some information about the other operands is lost. This is the price paid for a rich set of algebraic properties. So, the problem to construct algebraic operations with fuzzy numbers in such a manner that keep all information in operands and to enrich the set of algebraic properties is not solved in [21] . In that follows, we show that could exist fuzzy multiplications for which the distributivity laws are fully preserved.
In the purpose to obtain such fuzzy multiplication, based on the results from [21] and [10] , we use the new representation of fuzzy numbers proposed in [21] , which will be called by us the MCE-representation. In this context, by using this representation, we define two products (the fuzzy direct product and the fuzzy MCE type cross-product). These products can be defined for any fuzzy numbers (not depending by the sign of the support for the operands) and are fully distributive. The distributivity laws does not depend by the positivity of the support of the involved fuzzy numbers. Moreover, the important class of symmetric fuzzy numbers is invariant under such fuzzy multiplication. This property is not valid for the classical multiplication generated by the Zadeh's extension principle. As it is well-known, symmetric fuzzy numbers have various applications in mechanical engineering (see [19] ), fuzzy control systems (see [3] ), fuzzy linear programming (see [33] ), and in some applications there are represented by Gaussian type fuzzy numbers (see [3] and [19] ). Elaborating algebraic structures for the set of fuzzy numbers, the symmetric fuzzy numbers are involved in the construction of additive and multiplicative equivalences caused by the gap of the invertibility properties (see [24, 25] , and [34] ).
The paper is organized as follows: in Section 2 we remember the MCE-representation of fuzzy numbers introduced in [21] and in Section 3, by using the MCE-representation, we define two multiplication operations between fuzzy numbers that not depend by the "ign" of the involved fuzzy numbers. The main result of Section 3 is Theorem 3.2, which proves the fully distributivity laws for these two multiplications. In Section 4 we investigate the topological structure of the set of fuzzy numbers that is compatible with the two introduced fuzzy multiplications, by defining two types of norms for fuzzy numbers that are consistent with the metric defined in [21] . These norms have two supplementary interesting properties (see statements 3 and 4 of Proposition 4.1). Of special interest is Theorem 5.3 which extends for fuzzy numbers the known situation of the existence of the isomorphism pair (exp, ln) that maps the groups (R, +) and R * + , · on the real axis. Section 5 is devoted to comparing the properties of the fuzzy power, generated by the fuzzy direct product, with the properties of the fuzzy power from [4, 22] , and [25] .
PRELIMINARIES
By a fuzzy number [3] , as usually, we mean a function A : R → [0, 1] which is normal (i. e., there exists x 0 ∈ R, such that A (x 0 ) = 1), convex (i. e., A (λx + (1 − λ) y) min {A (x) , A (y)} , for all x, y ∈ R and λ ∈ [0, 1]), upper semicontinuous on R (i. e., for all x 0 ∈ R and for all ε > 0 there exists a neighborhood V 0 of x 0 such that A (x)−A (x 0 ) ε, for all x ∈ V 0 ) and has compact support (i. e., the closure of the set {x ∈ R : A (x) > 0} is a compact interval of R).
If A : R → [0, 1] is a fuzzy number, the corresponding t−level sets [A] t , defined by
are compact intervals including suppA = [A] 0 (the support of A), and respectively, coreA = [A] 1 (the core of A). It is known that (see [3] 
, for each t ∈ [0, 1] , then the functions x − A , x + A : [0, 1] → R (defining the endpoints of the t−level sets) are bounded, left-continuous on (0, 1] and continuous at 0, x − A is increasing,
, for all t ∈ [0, 1] . Moreover, a fuzzy number A is completely determined by a pair x A = x − A , x + A of functions x − A , x + A : [0, 1] → R satisfying these conditions (see [3] , [16] ), obtaining in this way the LU-representation of a fuzzy number. The addition and the scalar product defined for fuzzy numbers in [16] and [3] organize the set of fuzzy numbers as a cancellative quasilinear space over R. Such linear structure was presented in [26] .
We will denote by F the set of all fuzzy numbers. Following the construction from [21] , if a fuzzy number A : R → [0, 1] has the t−level
are bounded, decreasing, left-continuous on (0, 1] and continuous at 0. Here,
A denotes the spread of the fuzzy number A and a = 1 2 x − A (1) + x + A (1) is the middle point of the coreA.
We call Θ − A , Θ + A be the left and the right deviations relatively to the middle point of the core of A, and ∆ A is the width function of the fuzzy number A. If A is a unimodal fuzzy number (i. e. x − A (1) = x + A (1)), then the significance of the left and right deviations Θ − A , Θ + A can be expressed as follows. The right deviation function Θ + A indicates the degree of possibility of numbers greater than "a" to be considered relevant for the description of the uncertain data represented by the fuzzy number A. A similar significance can be considered for the left deviation Θ − A related to the degree of possibility for numbers smaller than "a" to be relevant for the description of A. The discussion could be extended to general fuzzy numbers, not only for unimodal, when x − A (1)
x + A (1). So, a good characterization of a fuzzy number can be made by specifying the spread to the left and to the right by its middle point. Consequently, a natural requirement for operations with fuzzy numbers is to specify the evolution of the left and right deviations after operating.
Thus, a fuzzy number A ∈ F can be also represented by a system A = a; Θ − A , Θ + A , where a ∈ R and the functions Θ − A , Θ + A : [0, 1] → [0, +∞) are bounded, nonincreasing, left-continuous on (0; 1] , continuous at 0 and Θ − A (1) = Θ + A (1). Triplet representation of fuzzy numbers was proposed even by L. Stefanini and M. L. Guerra in [37] , where the decomposition in this triplet consist of a crisp component (that is the core rectangle set), a middle α−level function and a function on [0, 1] describing the symmetry by 0 of the fuzzy number. The idea to consider in [37] the crisp component as a core rectangle will allow us to introduce the fuzzy exponential and the fuzzy logarithm considering in Theorem 5.3 the subset F * and obtaining the isomorphism between (F, +) and (F * , ) .
A fuzzy number A ∈ F is symmetric iff Θ − A = Θ + A , and we denote by SF the set of symmetric fuzzy numbers. Definition 2.1. We call this representation A = a; Θ − A , Θ + A be the MCE-representation (middle-core-ecart) of a fuzzy number.
The MCE-representation allow us to define multiplications between fuzzy numbers that are fully distributive related to the addition. Pointwise, we can represent a fuzzy number A, both by A = a; Θ −
The triplet a; Θ − A , Θ + A could represent the fuzzy number x A = x − A , x + A (which in initial stage is written in LU-form) and therefore this triplet a;
. Denote by F c the subset of F, which contains only those fuzzy numbers for which the functions that define the endpoints of the level sets are continuous. We also consider the set Ω defined by
left continuous on (0; 1] , continuous at t = 0 and f 1 (1) = f 2 (1)} and the subset Ω C of Ω with continuous f 1 and f 2 components. With these notations, we can identify the set F c with the Cartesian product R × Ω C and for any fuzzy number
SEMIRING STRUCTURES ON F C
The proper structure describing fuzzy arithmetic is a commutative semiring as was pointed out in [29] .
Definition 3.1. (see Golan [17] ) A commutative semiring is an algebraic structure (S, +, ·, 0) , such that (S, +, 0) is a commutative monoid, (S, ·) is a commutative semigroup, the distributivity law is fulfilled and 0 · a = 0 for all a ∈ S. If (S, ·, 1) is a monoid, the semiring is said to be with identity.
Whenever " " is an operation on the set R and f, g : [0, 1] → R are two functions, we define the function f g :
It is easy to see that (Ω, +, ·) is a commutative semiring with identity "(+" and "·" denotes the usual pointwise addition, respectively, multiplication). If we put θ : x → 0 and : x → 1, for each x ∈ [0, 1], then the null element of the semiring Ω is the pair (θ, θ) and the identity of this semiring is ( , ) . Now, considering two fuzzy numbers A = a; Θ − A , Θ + A and B = b; Θ − B , Θ + B we define the following operations:
• the fuzzy MCE type cross-product
Since Θ − A , Θ + A , Θ − B and Θ + B are positive valued decreasing functions, then so are
(1) and Θ − A⊗B (1) = Θ + A⊗B (1) . So the above introduced products are well defined. Now,
, the construction of the operations "+" and " " occur naturally. The behavior of the left and right deviations (Θ − A and Θ + A ) after applying the fuzzy multiplication motivates the construction of the fuzzy product .
The meaning of the product "⊗" is revealed in Theorem 3.2 in connection with the semigroup morphism property of ∆ :
The fuzzy MCE type cross-product differs by the cross product introduced in [2] and [4] . Since the operations defined in [21] are described by
where stands for +, ·, −, ÷, the products and ⊗ differ by , the representation of fuzzy numbers being the same A = a;
is a metric on F (see [21] ). P r o o f . It is easy to see that (F, +) and (F, ) are commutative monoids with the neutral elements 0 = (0, θ, θ) and 1 = (1, , ) , respectively. Obviously, A 0 = 0 and A ⊗ 0 = 0, ∀A ∈ F. Since the sum and the product on L are continuous we infer that "+", " ", "⊗" are continuous operations. So, (F, +) and (F, ) are topological monoids and (F, ⊗) is a topological semigroup in the metric topology generated by d. Moreover,
In order to prove the associativity of ⊗ we consider now,
we obtain that (A ⊗ B) ⊗ C = A ⊗ (B ⊗ C), i. e., the product "⊗" is associative. Also, since (a + b) c = ac + bc and
the distributivity of "⊗" is satisfied. Obviously, the commutativity of "⊗" is satisfied too. The distributivity of the product " " is also obvious. Indeed,
We can see that ). It is interesting to observe that ∆ ((0, θ, θ)) = 0 and ∆ ((1, , θ)) = 1. The subsets L 1 and R 1 of the left-sided and right-sided fuzzy numbers are introduced and studied in [9] . Here we consider their subsets of unimodal fuzzy numbers
and
observing that the MCE representation of A ∈ L 1 * is A = a; Θ − A , θ and of A ∈ R 1 * is A = a; θ, Θ + A , respectively. It is obvious that for A, B ∈ L 1 * , A = a; Θ − A , θ and B = b; Θ − B , θ , we have
So, L 1 * , +, and R 1 * , +, are subsemirings in (F, +, ).
Then Θ + B = θ and we infer that B ∈ L 1 * . Consequently, L 1 * is a subtractive ideal in (F, +, ) (or k-ideal, according to [14] and [15] ). Similarly it can be proven that R 1 * is a subtractive ideal in (F, +, ). Finally, we consider A = a;
and, according to the left-continuity on (0; 1] and continuity in t = 0 of Θ + A and Θ + B , we infer that the situation Θ + A (t 1 ) = 0, Θ + B (t 1 ) = 0, Θ + A (t 2 ) = 0, Θ + B (t 2 ) = 0, for t 1 , t 2 ∈ [0, 1], t 1 = t 2 , is not possible. So, Θ + A (t) = θ for all t ∈ [0, 1], or Θ + B (t) = 0 for all t ∈ [0, 1], which means A ∈ L 1 * , or B ∈ L 1 * . Thus, we conclude that L 1 * is a proper prime ideal in (F, +, ). Similarly, it can be proven that R 1 * is a proper prime ideal in (F, +, ). It is interesting to observe that L 1 * ∩ R 1 * = R and obviously (R, +, ) is an ideal in (F, +, ), but not a strongly irreducible ideal.
For arbitrary A = a;
we infer that A⊗B ∈ SF, obtaining that (SF, +, ) and (SF, +, ⊗) are subsemirings in (F, +, ) and (F, +, ⊗), respectively. We can see that 1 = (1, , ) ∈ SF, but 1 = (1, , θ) / ∈ SF, and the classical multiplication generated by the Zadeh's extension principle doesn't preserves the symmetric fuzzy numbers. Indeed, let us consider the triangular fuzzy number
, ∀t ∈ [0, 1), and therefore A · A / ∈ SF. This is a gap of the classical multiplication and working in applications with symmetric fuzzy numbers, the use of the multiplication or ⊗ seems to be more adequate.
It is obvious that (F c , +, ) and (F c , +, ⊗) are subsemirings in (F, +, ) and (F, +, ⊗), respectively. After elementary computation it can be observed that the product "⊗" is not generally cancellative. 
We can see that this group of units is identical to L 1 ∩ R 1 . 
where A · B is the usual product (based on the Zadeh's extension principle, defined by
, since A and B has positive support) and A B and A ⊗ B are the two products introduced above. These are represented in Figure 2 .
Remark 3.5. If A = x −
A , x + A and B = x − B , x + B in LU-representation, then we can write the result after applying the above presented multiplications in LU-representation, too, as follows:
1.
x we observe an improvement of the distributivity in Theorem 3.2. We have used here a modified notation for the multiplications from [22, 25, 23] , and [4] , in order to avoid confusion with the direct product introduced here.
THE TOPOLOGICAL STRUCTURE OF F C
For each fuzzy number A = a; Θ − A , Θ + A ∈ F, we define A by
Since Θ − A and Θ + A are positive valued and decreasing functions, it follows that
Defining, for each n ∈ {1, 2} , the functions · n : F → [0, +∞) by:
we investigate the properties of · 1 and · 2 relating the operations +, , ⊗. 1. A n 0, ∀A ∈ F and A n = 0 ⇔ A = 0, for n ∈ {1, 2} ;
2.
A + B n A n + B n , for n ∈ {1, 2} ;
(ii) The metric d on F is complete and it satisfies the following properties: d (A, B) ; d (A, B) ; for all A, B, C, D ∈ F.
P r o o f . (i) An easy computation shows that the statements 1 and 2 are satisfied.
which completes the proof.
(ii) Since this metric is equivalent with the metric D ∞ (see [3] [21] ), it follows that d is complete. A trivial verification shows that the statements 1 and 2 are satisfied. We consider now A = a; Θ − A , Θ + A , B = b; Θ − B , Θ + B , C = c; Θ − C , Θ + C and we prove that the statements 3 and 4 are also true. Indeed, d (A, B) and since d (A, B) .
We say that the sequence (A n ) n 1 ⊂ F converges to A ∈ F iff lim n→∞ d(A n , A) = 0 and we will use, in this case, the notation lim n→∞ A n = A. An , x + An = a n ; Θ − An , Θ + An and A = x − A , x + A = a; Θ − A , Θ + A , then the following statements are equivalent:
3. lim n→∞ a n = a, Θ − An ⇒ Θ − A and Θ + An ⇒ Θ + A on [0, 1] . Here, the symbol "⇒" denotes the uniform convergence on a compact interval (on [0, 1] in this case).
THE FUZZY EXPONENTIAL AND POWER OF A FUZZY NUMBER
We define here an extended variant for fuzzy exponential and fuzzy logarithm.
Let us denote by F * the set
and F * c = F * ∩ F c . Since A, B ∈ F * implies that A B, A ⊗ B ∈ F * , it follows that (F * , ) and (F * , ⊗) are submonoids in (F, ) and (F, ⊗), respectively. We define the exponential function exp : F → F * , by A → e A = (e a ; e Θ − A , e Θ + A and the logarithmic function ln :
and "•" denotes the composition of functions.
Remark 5.1. In the context of MCE-representation, in order to have a good definition of the fuzzy logarithm, that is ln (A) ∈ F for a fuzzy number A, we need to define ln : F * → F. This lead us to the situation that when A is crisp, having Θ − A = Θ + A = 0, we arrive to e A = e a ; e 0 , e 0 = (e a ; 1, 1) , which means the interval [e a − 1, e a + 1] (that is a core rectangle set). This is on accordance with the decomposition proposed in [37] by L. Stefanini and M. L. Guerra, containing the crisp component as a core rectangle set. We see that in the case of classical fuzzy exponential, the support of Exp (A) could be overly large in comparison with the support of extended exponential exp (A) , that has a reasonable length and therefore becomes suitable for applications. Remark 5.4. As in the case of real numbers, where the exponential and logarithmic functions establish the isomorphism between (the Abelian groups) (R, +) and R * + , · , the functions exp and ln constructed above, establish the isomorphism between the monoids (F, +) and (F * , ) . This result extends for fuzzy numbers the known result from the real axis, and it is similar to the result from [8] . In [8] the result was obtained on F + c , where F + c = {A ∈ F c : supp(A) ⊂ (0, ∞)}, and in Theorem 5.3 the isomorphism is established on the subset F * of F, with A ∈ F under the restriction Θ − A (t) , Θ + A (t) 1, ∀t ∈ [0, 1] , that can be considered as the price paid here for the fully distributivity property. Of course, in F * , the restriction supp(A) ⊂ (0, ∞) is not imposed including the possibility to have x − A (t) 0 for t ∈ (0, 1).
The fuzzy direct product permit us to introduce a new kind of fuzzy power with fuzzy exponent, as follows. 
Remark 5.8. We see that the fourth property from Theorem 5.7 is not valid with equality in [25] (being valid only with multiplicative equivalence), but for the fuzzy direct product is valid. Moreover, the third property is valid in [25] for nonzero crisp exponent and with fuzzy numbers having positive support as basis. Here, this property is valid with any fuzzy exponent, but the basis are taken in the subset F * . The second property is valid in [25] for exponents with support not containing zero and fuzzy numbers having positive support as basis, while in Theorem 5.7 the basis should belongs to F * and the exponents are arbitrary in F. So, the set of the algebraic properties is enriched for this type of fuzzy power, containing the fourth supplementary property. But here, the property A −B = 1/ A B = (1/A) B cannot be considered because 1/A is not defined. An alternative for this property is considered in [10] for unimodal symmetric fuzzy numbers A, B, with A having positive midpoint.
CONCLUSIONS
The possibility to consider fuzzy multiplications preserving the distributivity laws regarding the addition is investigated obtaining two examples and ⊗ of such fuzzy multiplication. According to Theorem 3.2, the class of symmetric fuzzy numbers is invariant to any of the multiplications and ⊗, that in some applications, can be an advantage over the classical multiplication generated by the Zadeh's extension principle. Moreover, the uncertainty included in the two operands is not lost as it is suggested in Figure 2 (this failure it happens for the operations introduced in [21] with the operand having smaller spread). Interesting connections of the semiring (F, +, ) with the sets of left-sided and right-sided fuzzy numbers, introduced and studied in [9] , are pointed out in the framework of subtractive ideals, in Theorem 3.2.
Of course, the group properties A + (−A) = 0 and A A −1 = 1 cannot be obtained because of deep reasonings that take in consideration the origin of the notion of fuzzy numbers. Such properties could be valid only with suitable equivalences, as was observed in [24] .
Considering the subset F * of F, the semirings (F, +) and (F * , ) are isomorphic and (F c , +, d) and (F * c , , d) are isomorphic and homeomorphic, too, with d be the complete metric defined in [21] . In addition to this, the fuzzy power defined in Section 5 has a supplementary attribute, A B A C = A B+C , for A ∈ F * and B, C ∈ F, that is additional to the properties of the fuzzy power presented in [25] .
